At the high luminosity electron-positron circular colliders like FCC-ee in CERN and CEPC in China it will possible to measure very precisely e + e − → Zγ process with subsequent Z decay into particles invisible in the detector, that is into three neutrina of the Standard Model and possibly into other weakly coupled neutral particles. Apart from the measurement of the total invisible width (which is not the main subject of this work) this process may be used as a source of Z coupling to electron neutrino -known very poorly. This is possible due to the presence of the tchannel W exchange in the e + e − → ν eνe γ channel which deforms slightly spectrum of the photon. We are going to show experimental investigation of this effect, for ∼ 10 inverse atobarn accumulated luminosity, which can provide measurement of the Z − ν e coupling with statistical error of order 1%. The estimation of the systematic experimental error will require more work, but most likely it will be of similar size.
Introduction
Recent measurements in the B meson sector have shown evidences for lepton universality violation at the 3 to 4 standard deviations (σ) levels. Without being exhaustive, deviations from the Standard Model (SM) are observed by comparing semileptonic B decays B → D ( * ) τ ν on the one hand, and B → D ( * ) ν with = µ, e on the other hand [1] [2] [3] [4] [5] . Discrepancies are also observed in comparing the decays B → K ( * ) µν and B → K ( * ) eν [6] [7] [8] . In contrast, lepton universality is verified at the 1% and 0.1% level in W and Z decays respectively, involving charged leptons [9] , although there is a slight tension at the 3σ level in the W decay W → τ ν versus the average W → ν ( = µ, e). In the same vein, one notes that neutrino counting in Z decays shows a very slight deficit (2σ), with N ν = 2.984 ± 0.008 [9] . Therefore, to shed further light in this area and complement these tests, the precision of which should be considerably improved in the near and long term future at HL-LHC, SuperKEKB and FCC, it might be very useful to study universality in Z → ν ν decays. In general, this is a non trivial task since neutrinos are difficult to detect and thus is the identification of their species. In this paper we investigate a method to achieve this objective by "making the neutrino flavors visible in Z decays". The future high-energy circular electron-positron collider FCC-ee [10] [11] [12] would be an ideal tool for this purpose.
Testing Universality of neutrinos in Z 0 decays
The charged and neutral current interaction of neutrino have been observed since a long time in fixed target experiments using muon neutrino beams. Although the production of a charged lepton in the final state tags the incoming neutrino flavor in charged current interaction for Deep Inelastic Scattering (DIS) events, the same procedure cannot be used in neutral current since the final state neutrino is not detected. The flavor is only inferred indirectly by comparing the neutral current events to the SM expectations. More recently, the SNO experiment has measured the charged and neutral current interactions of solar electron neutrinos. The comparison of the respective rates has shown that different types of neutrinos are involved in neutral current events [13] than the one (ν e ) observed in charged current. But here again, the flavor of the neutrinos interacting in the neutral current events is not identified and thus any extraction of Zνν coupling is theory dependent. Furthermore the uncertainty on the incoming neutrino flux does not enable very precise measurements. The overall situation is summarized by the Particle Data Group [9] for the Z couplings to ν e and ν µ as follows:
In the following we are going to present a method to measure the individual Zν e ν e coupling, which is so far poorly measured. 
The method
The combined strength of couplings of Z boson to all particles contributing to Z invisible width was at LEP experiments conveniently parametrized [14] in terms the so called neutrino number parameter N ν , equal 3 in the SM.
Two sensitive ways to measure N ν have been used in the past:
1. Precise determination of the Z 0 production peak in e + e − collisions and the Z line shape. This is the most precise method with N ν = 2.984 ± 0.008 [9, 14] , thanks to the statistics and the precise beam energy determination at LEP.
2. Identification and counting of the Z boson radiative return (ZRR) process in a center of mass energy above the Z-pole, i.e. using Initial State Radiation (ISR) e + e − → γX, see diagrams in Figure 1 . LEP has measured N ν = 2.92 ± 0.05 [9, 15] .
However in both cases, one has only derived the total number of light neutrino species (N ν ) assuming universality of the Z coupling to the neutrino species, i.e. without measuring the individual couplings. Indeed, by determining the Z production peak cross section and the Z width, one deduces its invisible cross section. 
Normalizing SM couplings to one, g [10] [11] [12] , a very significant improvement (by several orders of magnitude) is expected for the determination of N ν , due to high luminosities achievable around the Zpole and at higher energy and reduction of the experimental and theory uncertainties [16] .
Obviously, there is no means of discriminating one coupling constant from another in the process of Figure 1 , since only the sum of the couplings is measured. For the following in this paper, let us define the parameter η rescaling Z couplings as follows
where the deviation of g νe Z from the SM is compensated by the opposite deviation of g ντ Z , while keeping constant more precisely measured total invisible Z width and g νµ Z .
The important point is that in the e + e − → ν eνe γ process there are additional diagrams producing electron neutrinos in the final state, see Figure 2 . These diagrams interfere with the ones in Figure 1 . Therefore, observing this interference in the γ energy spectrum related to the νν invariant mass 1 ,
would lead to the measurement of the Z − ν e coupling (g νe Z ), as aimed in a this paper. We shall refer in the following to this interference in short as Z − W interference.
In the left part of Fig 3 we show how big is the effect of the t-channel W -exchange contribution of Figure 2 comparing Born cross section σ Born (M 2 νν ) for ν = ν e and ν = ν µ near the Z peak, that is in the range |v − v Z | ≤ 0.02, v Z = 1 − M 2 Z /s, which translates into 88.299 ≥ M νν ≥ 93.987 for s 1/2 = 161GeV. The relative effect of the W -exchange with respect to all 3 neutrino case is up to 8%, changing sign in the middle of the Z peak. Born cross section is calculated using expressions of eqs. (2.9-2.11) in Ref. [17] . We 1 Here and in the following E γ is total energy of one or more photons detected above certain minimum energy and minimum angle from the beams in the ZRR process. Should there be multiple γ, an additional term proportional to M 2 nγ is present but can be safely neglected as it is very small. have checked that we reproduce benchmark Table 1 of Born cross sections and forwardbackward asymmetries 2 in this paper. From Figure 3 it is obvious that in the ZRR process our aim will be to measure asymmetric deformation of the Z resonance shape in the photon spectrum, that is its skewness. Of course, QED effects will also contribute to the skewness of the Z lineshape ZRR spectrum, hence very good quality MC program for the ZRR of the KKMC class [18] , or even better, will be indispensable to sort out QED effects in the FCC-ee data analysis.
The contribution of the W -exchange diagram near the Z-peak is almost entirely due to the interference of the dominant s-channel Z-resonant amplitude (which contains precious coupling of the Z to electron neutrino) and the trivial W -exchange diagram, as seen clearly from the presence of the zero in the middle of the Z peak -while W -exchange diagram squared is negligible.
The diagram contribution pattern is quite different for ZRR at low v and high M νν , where W -exchange diagram dominates over the Z-resonant diagram by order of magnitude 3 . Again, it is the interference of the two, which could provide valuable information on the Z couplings to electron neutrino. Due to much smaller cross sections this option looks less attractive, nevertheless it requires quantitative study in the future.
For completeness, let us finally note that a very different and more straight forward way for identifying the neutrino species produced in Z decays would be to observe the interaction of the neutrinos within the FCC-ee detector. Indeed, with an integrated luminosity of 150 ab −1 at the Z-pole, some 2.4 × 10 12 neutrinos are produced. Although this figure is large, unfortunately the charged current neutrino cross section with E ν = 45 GeV is low; ∼ 0.3 pb. Assuming a tracking area with 1 radiation length (which is far more than usual trackers) only ∼ 3 interactions are expected. So this direct detection method seems unpractical, unless one develops a dedicated segmented detector with some 100 X 0 . We expect similar size effect in the spectrum of the ZRR photon. The original 1999 version of KKMC of ref. [18] did not include yet a good quality matrix element for the neutrino pair production process. This is why during 1999/2000 LEP Physics Workshop [19] , theoretical studies of the ννγ + nγ final states were based on KORALZ [20] , NUNUGPV [21] and GRC4F [22] MC programs. The conclusion was at the time that predictions of these program can be trusted to within 2-3%. KORALZ has featured approximate matrix element for two real photons and approximate matrix elements for t channel W exchange (in case of ν e ), see also Ref. [23] . On the other hand NUNUGPV and GRC4F, have included exact matrix element for two photons but did not feature soft photon resummation. The virtual corrections to ννγ process were known from earlier work of Ref. [24] and used in some of these programs 4 . Before the end of LEP era matrix element of KKMC for neutrino pair production process was upgraded and documented in a fine detail in Ref. [17] . In particular W -exchange diagram for electron neutrino channel was implemented and the electroweak (EW) library DIZET, the same as in ZFITTER [25] , was added. The validity of the implementation of EW corrections in KKMC was cross-checked in this work by means of direct comparison of ZFITTER and KKMC for the e + e − → νν process 5 in spite that it is not seen experimentally. Later on, in Ref. [26] , the exact matrix element for e + e − → νν + 2γ process (as implemented in KKMC) was also analysed in a great detail focusing on the delicate issue of the QED gauge invariance, especially in case of photon emissions from the t-channel exchange of the W boson.
Matrix element of KKMC
The KKMC program is a general purpose MC event generator for producing pair of any kind of charged lepton (except electron), neutrino or quark. The O(α 0 ) Born in KKMC is the e + e − → ff process, completed with the O(α 1 ), O(α 2 ) QED corrections and O(α 1 ) EW corrections. The case of neutrino is special because the O(α 0 ) Born process e + e − → νν is not visible in the detector, hence it is e + e − → ff γ which can be treated as 4 Virtual corrections to W -exchange diagram were neglected in this work. 5 For the e + e − → ννγ process EW corrections in KKMC enter in the soft photon approximation thanks to soft photon resummation. O(α 0 ) Born process. This kind of convention is used in NUNUGPV and GRC4F. In KORALZ and KKMC it is the e + e − → νν process being the Born process, while e + e − → ff γ is regarded as O(α 1 ). Here and in the following we adopt the above convention. Matrix element of KKMC features the complete O(α 2 ) QED corrections (instead of the O(α 1 ) in case of Born being e + e − → ff γ). It means that KKMC includes exact matrix element for e + e − → ff +2γ [26] and complete virtual corrections to e + e − → ff γ. Strictly speaking, as explained in Ref. [17] , one-loop corrections to W -exchange contribution for the electron neutrino pair process in KKMC are taken in certain low energy approximation and will have to be improved in the future.
At the practical level, there is no possibility in KKMC to request through input parameters that at least one ZRR photon visible above certain energy and angle (with respect to beams) is always present 6 in the generated MC sample. One has to generate photons all over the entire phase space and then select a subsample of the events with one or more ZRR photons. This costs factor ∼ 10 loss in terms of the CPU time for typical event selection of the ZRR process. general features of the ZRR process.
Monte Carlo results
Our event selection criteria for photons in the ZRR process include requirement of sum of the photon energies being above 0.10E beam , each photon angle with respect to incoming beam to be above 15
• , and each photon transverse momentum being above 0.02E beam . In the LHS plot of Figures 4 we see photon number distribution for all photons generated by KKMC for the e + e − → νν + nγ process above IR cut-off 10 −5 E beam and for photons which pass the above criteria of the ZRR process. As we see, only ∼ 1% fraction of ZRR events has two photons.
The RHS plot of Figure 4 presents the same two classes of MC events in the log of photon angle with respect to beams. The natural cut-off at θ ∼ m e / √ s due to small but finite electron mass is clearly seen, and the ZRR cut-off at 15
• is seen as well. The rejection rate from all MC events to ZRR class is of order ∼ 10.
For completeness in Figure 5 we also show the entire distribution of the energy of all ISR photons and for visible photons in the ZRR MC sample for two energies, 105GeV and 161GeV.
Next, in Figure 6 , we examine ZRR photon energy spectrum near the Z resonance, focusing on the W diagram contribution, present in the electron neutrino case and absent for two other SM neutrinos. As compared to Born curve of Figure 3 the difference between electron and muon neutrino due to Z − W interference is roughly of the same size but slightly diluted. As expected, the Z resonance shape is deformed due to ISR/QED, increasing significantly the skewness of the resonance lineshape, in fact more that W − Z interference effect. Of course, ISR/QED effect can be subtracted using reliable Monte Carlo calculation for the ZRR process like KKMC.
Finally, in Figure 7 we examine how precisely one can deduce Z coupling to electron Figure 6 : Examining difference of the ZRR photon spectrum for electron neutrino and muon neutrino channels due to t-channel W exchange.
neutrino from the skewnes of the ZRR spectrum near Z resonance for the anticipated FCC-ee integrated luminosity 7 of 10ab −1 at 161GeV and 13ab −1 at 105GeV respectively. The LHS plots of Figure 7 shows ZRR photon spectrum for all three neutrinos switching off and on Z − W interference, at two energies, 105GeV and 161GeV.
At s 1/2 = 161GeV the ZRR cross section integrated over the range v Z ± 0.02 of the plot is about 2.51pb and with the 10ab −1 integrated luminosity anticipated at FCC-ee, Figure 7 : Examining difference of the ZRR photon spectrum for electron neutrino and muon neutrino channels due to t-channel W exchange.
can be measure with the 5 · 10 −4 pb statistical error (2 · 10 −4 relative error). The entire Z − W interference effect in the integrated ZRR cross section is 22 · 10 −4 (relative) and is measurable but in order to determine g νe Z from it with the ∼ 1% precision we have to exploit the parameter
parametrising the skewness of the Z resonance curve. SM prediction for this parameter including QED effects and Z − W interference is S = −0.13457 ± 0.00020, with its 3) The corresponding change of S(η) from the SM value S(0) is presented 8 in the RHS plots of Figure 7 , together with the statistical error band for 10ab −1 integrated luminosity. From this figure it is easy to read the (statistical) precision of g νe Z at FCC-ee integrated luminosity is 1% at s 1/2 = 161GeV and 0.5% at s 1/2 = 105GeV. This is the main and very interesting result of the present study.
Detector resolution effect
Let us now examine the effect of the detector resolution. To this end, we assume homogeneous calorimeter with a reasonably good energy resolution of :
The energy resolution of photons can be extracted experimentally from the reconstructed µµγ events, for which the muons reconstructed angles are very precise. Thus one can achieve a 1C fit of such events and obtain a precise E γ measurement, which is then compared to the energy measured with the calorimeter. This allows one to verify that the energy scale is correct. With the resolution in equation (6.1), one observes as expected a degradation of the sensitivity on g Should the stochastic term be twice as worse (i.e. 0.1/ √ E, which is typical for a sampling calorimeter), the sensitivity on g νe Z would be 2.4%. This "rapid" degradation implies that an excellent knowledge on the calibration of E γ is crucial. Obviously a very good calorimeter energy resolution is very important for this measurement.
Summary and outlook
Main result of our study is that by means of exploiting interference between s-channel Z exchange and t-channel W exchange in the e + e − → X + γ process, the coupling constant of Z boson to electron neutrino and Z can be measured at the FCC-ee high luminosity with the statistical error of ∼ 1%, that is a factor ∼ 20 better than present error. The above result is obtained assuming observation of at least one photon with an angular distance from both beams above 15
• and the energy above 10% of the beam energy. This important and encouraging result was obtained assuming integrated luminosity 10 and 13ab −1 for centre of the mass energy 161 and 105GeV. Keeping systematic error due to calorimeter energy resolution at the similar 1% level is within the reach of the available detector technology. It should be stressed that the above high precision requires comparison of experimental data with high quality Monte Carlo even generator, because multiphoton QED effects have to be removed in order to pin down the valuable Z − W interference effect.
The presented study is still preliminary and there is a number of issues requiring further studies: (1) virtual corrections for W contribution in KKMC matrix element has to be checked, (2) the size and shape of the QED deformation of the Z peak in ZRR obtained from KKMC should be cross-checked using independent calculation (3) EW corrections were included in the presented KKMC calculation -their size and role should be examined quantitatively (4) dominant O(α 3 ) QED non-soft corrections (in our convention) should be estimated/calculated.
There are also several other improvements in the analysis front, which needs to be studied, such as carrying a full fit of the v spectrum instead of measuring its asymmetry and/or optimizing the v range. Also, as already mentioned, study of the interference effect at low and high v range 9 might be useful to improve the sensitivity on g νe Z .
